Abstract. The radiative transition form factors of the pseudoscalar mesons π, η, η ′ and the vector mesons ρ, ω, φ are restudied with π-η-η ′ and ρ-ω-φ in tri-meson-mixing pattern, which is described by tri-mixing matrices in the light-cone constituent quark model. The experimental transition decay widths are better reproduced with tri-meson-mixing than previous results in a two-mixing-angle scenario of only two-meson η-η ′ mixing and ω-φ mixing.
Introduction
Light hadrons are well classified in SU(3) flavor multiplets [1] based on Gell-Mann [2] and Ne'eman [3] theory. The Gell-Mann-Okubo mass formula [2, 4] , which exhibits the mass relation of hadrons, has a simple linear form and a more complicated quadratic form. In order to explain the deviation of the meson masses from the Gell-Mann-Okubo mass formula, two-meson ω-φ mixing and η-η ′ mixing were introduced since the 1960s [5] . The mixing between mesons helps to understand the SU(3) symmetry breaking.
The departure from the ω-φ meson ideal mixing was studied [6] according to the meson mass spectrum, radiative decays and 2π, 3π decay modes which are related to isospin conservation and Okubo-Zweig-Iizuka (OZI) rule violation. It is involved in the study of τ decays for a decade years [7] . The mixing of η-η ′ has also been studied based on pseudoscalar meson masses and their decays [8, 9, 10] . However, recently more analysis focus on their decay constants [11, 12, 13] , and a mixing scheme were promoted in which two mixing angles were introduced. The η-η ′ mixing is also related to the study of J/ψ decay [14] . In fact, the isospin violating mixing of ρ-ω and π-η have been considered for a long time. ρ-ω mixing was first promoted by Glashow [15] based on electromagnetic interaction. This mixing plays an important role in the nuclear charge asymmetry study [16] , and is related to the CP violation analysis in hadronic B decays [17, 18, 19] and charmed hadron decays [20] . The off-shell behavior of ρ-ω, π-η mixing was also studied [21, 22] .
Then it is natural to consider the tri-meson π-η-η ′ mixing and ρ-ω-φ mixing. Some efforts have been devoted to them respectively [21, 23, 24, 25, 26] .
Many different methods were used in above studies of meson mixing, e.g., chiral perturbation theory, quantum chromodynamics(QCD) sum rule, nonrelativistic and relativistic quark model, hidden local symmetry (HLS) model, et al. The light-cone constituent quark model [27, 28, 29] is also an important model that has been used to study the mixing of mesons [30, 31, 32, 33, 34] . As far as properties of mesons are studied at low energy scales, nonperturbative QCD effects are important. The light-cone constituent quark model is a convenient model for incorporating the nonperturbative QCD effects effectively. With the Melosh-Wigner rotation [35, 36, 37] , the SU(6) instant form wave function can be transformed into the light-front form to include relativistic effects. Taking the minimal quark-antiquark Fock state description of photons and mesons, we can calculate their transition form factors, decay widths and radii.
In the light-cone quark model, the mixing of pseudoscalar η-η ′ mesons has been studied using octet-singlet mixing scheme [38, 39] and quark flavor scheme [40, 41] , and recently together with the vector meson ω-φ mixing, it is studied with a two-mixing-angle scenario [42] , which can reproduce data better phenomenologically. When introducing two mixing angles, the mixing matrices are nonunitary. Concerning the isospin symmetry breaking, in this paper we restudy the transition form factors between vector mesons and pseudoscalar mesons with tri-meson ρ-ω-φ mixing and π-η-η ′ mixing in the light-cone quark model, where the mixing is described by unitary tri-mixing matrices [23, 43] . This can also be seen as an explanation of the non-unitary mixing matrices in the two-mixing-angle scenario [42] .
Since in this paper all the I z = 0 mesons are involved in mixing, all the parameters have to be readjusted together without priority. With the experimental data of the meson radii, decay widths as constraints, we reset all the parameters in our model. New results for the pion form factor between Q 2 = 0.6 and 2.45 GeV 2 at the Thomas Jefferson National Accelerator Facility (JLab) were presented recently [44] . We recalculate the Q 2 behavior of the pseudo scalar meson form factors in our model using the new parameters and compare them with the latest experimental data. The Q 2 behavior of the transition form factors of other pseudoscalar and vector mesons are also recalculated, and extrapolated to the time-like region and compared with experimental data [45, 46, 47, 48] . This paper is organized as following. In Sec. 2, we explain the tri-meson-mixing of π-η-η ′ and ρ-ω-φ respectively. In Sec. 3, the definitions of decay constants, form factors and radiative transition form factors and their calculation in the light-cone constituent quark model are briefly reviewed. In Sec. 4, we reset the parameters of our model by using the experimental data as constraints. The Q 2 behaviors of form factors are compared with experimental data.
2 Tri-meson-mixing of ρ-ω-φ and π-η-η
′
The η-η ′ and ω-φ mixing were studied based on different theories. Different values of mixing angles were determined by different ways in literatures: the pseudoscalar meson η-η ′ mixing angle is around 20
• and the vector meson ω-φ mixing is around 28
• ∼ 44
• ,based on the Gell-MannOkubo mass formula, two-photon decay widths, radiative and strong decay widths and so on [49] .
Considering the discussion of pseudoscalar meson mixing in the chiral perturbation theory [12, 11, 40] and PCAC formulas of flavour singlet current [50] , the following mixing form
with only one mixing angle is not enough to describe meson mixing. So in the light-cone constituent quark model phenomenology studying, the meson mixing of η-η ′ and ω-φ with two mixing angles are expressed as following forms [42] :
where, the quark-flavour basis mixing scheme is denoted by the subscripts qs, with quark flavor bases (for ψ = η or ω) [33, 41] 
In the octet-singlet scheme (denoted as 08) [38, 39] , just replace {θ
qs , η q,s , ω q,s } in above formula with {θ
Here, the flavor SU(3) octet basis and the singlet basis are (for ψ = η or ω).
and θ
S,V qs
are respectively pseudoscalar and vector meson mixing angles in the octet-singlet scheme and the quark flavor scheme.
Meanwhile, the tri-mixing of pseudoscalar mesons π-η-η ′ and vector mesons ρ-ω-φ have been discussed respectively with different forms and parametrization [26, 21, 23, 24, 25] . Confined in a unitary mixing of the ideal basis, in this paper we accept the tri-mixing matrix [23] for describing the meson mixing, as
where,
(11) M V is the vector meson tri-mixing matrix. M S is the pseudoscalar meson tri-mixing matrix and it has the same structure of M V with {δ V , β V , γ V } replaced by {δ S , β S , γ S }, that is, both the pseudoscalar mixing and vector mixing are described by three mixing angles. Since we do not discuss the CP violation and complex phases, the mixing angles are all real in this paper. The wave func-
], for i = φ I , η s , where we adopt the Brodsky-Huang-Lepage (BHL) prescription [28, 51] .
Thus, the decay constants and transition form factors can be calculated by the following tri-mixing formulas,
3 Decay constants and radiative transition form factors in the light-cone quark model
In the P → µν process, the decay constant f P of the charged pseudoscalar meson P is defined as,
where, J µ is the axial-vector part of the charged weak current. The charged form factor F P (Q 2 ) of a pseudoscalar meson P is
where, J µ = eψγ µ ψ, Q 2 = −q 2 ; and the electromagnetic radius of the pseudoscalar meson is
The transition form factor of P → γγ * is defined by [52, 53] 
so the decay width of P → γγ is
In the V → e + e − process, the decay constant of the vector meson V is defined by,
Then, the decay width of V → e + e − is
The radiative transition form factor between a pseudoscalar meson P and a vector meson V is defined by [53] 
where, ǫ(p, λ) is the polarization vector of the vector meson. Thus the decay widths of V → P γ and P → V γ are
To calculate the above decay constants and transition form factors of pseudoscalar and vector mesons, we use the light-cone quark model with the lowest Fock state expansion as an approximation. The wave function of a meson is simplified to be
× |n :
where, the momentum-space wave function ϕ(x, k ⊥ ) is described by the BHL prescription [28, 51] 
and χ
is the spin wave function. Through the Melosh-Wigner rotation [36, 35, 37] 
where w i = 1/ 2k
1−x , or corresponding proper meson vertex [53, 55] ,
with
, for pseudoscalar mesons,
we get the light-cone spin wave function of mesons and calculate the above decay constants and transition form factors. The formulas were listed in the appendix of Ref. [42] .
Numerical Calculation Results
In the light-cone constituent quark model, when only one mixing angle is introduced to describe the pseudoscalar meson mixing, the angle can actually be analytically determined by the Q 2 → ∞ limit behavior of F P γγ * (Q 2 ) [41, 33] . However, when two or three mixing angles are introduced, there is no more analytic solution. So in this paper, the meson mixing angles and all the parameters in wavefunction are determined phenomenologically by electroweak properties of the mesons by fitting light-cone constituent quark model results to experimental data.
In this paper, all parameters including m u , m s , wave function parameters of π, K, η q , η s , ρ I , ω I , φ I are set together by using the experimental data, which include electromagnetic decay widths and radii. We assume that the wave function parameters of π ± are the same as those of π I . Though the off-shell behavior of π-η-η ′ has been discussed in some papers, we assume the mixing angles to be constants when Q 2 changing. The Q 2 behavior of the radiative transition form factors are recalculated using the reset parameters and compared with experimental data. The input data are all from PDG08 [54] , as listed in Table 1 .
The Q 2 → ∞ limiting behavior of Q 2 F P →γγ * is also considered as constraints for setting the parameters [27, 41] :
The results are shown in Table 1 , together with the results of Ref. [42] . As we can see, the reproduction of the radiative decay widths are improved with tri-mesonmixing pattern. In fact, since β S , δ S ∼ 0, the mixing matrix M S is similar to the mixing of η, η ′ , and in the fit result γ S = 39.40
• is compatible with the results we got in the two-mixing angle scenario of the quark flavor scheme θ S q = 40.57
• , θ S s = 43.89
• . The vector meson mixing bases are a little different from the ones in the two-mixing angle scenario of the quark flavor scheme, which is equivalent to a 90
• rotation: 90
• got in the tri-meson-mixing fit is also compatible with them.
There were following form relations between the mixing angles introduced in Ref. [40] ,
When three mixing angles are introduced, relations are not so simple. Similar to derivation in Ref. [40] ,
where, γ ideal = arctan √ 2. {f
π η ′ } are very small, if they are ignored, two mixing schemes can be related by
.
Here, the f π π , f q , f s are respectively equal to
With the parameters set in this paper, we have
Putting the β S , δ S , γ S shown in the fifth column of Table 1 into Eqs. (36) , one can get θ • . These two values are close to the results we got when using the two-mixing angle scheme as shown in the third column of Table 1 .
The Q 2 behavior of meson form factors is recalculated, as shown in Figs. 1-4 . In comparison with experimental data, the Q 2 behavior fit data well in the low Q 2 region. Extrapolating Q 2 to the time-like region by q ⊥ → iq ⊥ [56] , we also recalculate the form factors in the limited timelike region. The results are comparable with experimental data, as shown in Fig. 5 and Fig. 6 .
In our calculation, only the relation got in the Q 2 → ∞ limit is used to determine parameters, and perturbative QCD effect is not actually taken into account when the form factors are calculated. So, in fact the Q 2 F P γγ * (Q 2 ) and Q 2 F P (Q 2 ) calculated in our paper should only be valid when Q 2 ranges from 0 to around a few GeV 2 .
Conclusion
In this paper we use the light-cone constituent quark model to calculate the properties of the pseudoscalar mesons π-η-η ′ and the vector mesons ρ-ω-φ with tri-meson-mixing pattern, which is described by unitary tri-mixing matrices. All parameters including m u , m s , the wave function parameters of π, K, η q , η s , ρ I , ω I , φ I are constrained together by the experimental data, including their electromagnetic decay widths and radii. The reproduction of the experimental decay widths turn out to be better than Table 1 . Experimental data [54] for the decay constants and decay widths of η, ω, φ are compared with theoretical values. The first column is the experimental data. The second and third column are the theoretical results of two-mixing angle scenario [42] . The fourth column is the theoretical result with tri-meson-mixing pattern. Parameters set in different schemes are listed below. only two-meson mixing of η-η ′ and ω-φ were introduced, as can be seen from χ's in Table 1 . We recalculate the Q 2 behavior of the radiative transition form factors, and extrapolate them to the limited time-like region. Results are comparable with experimental data. The tri-mesonmixing pattern in this paper can explain why the twomixing-angle scenario with non-unitary mixing matrices of two mesons could give acceptable results in our previous work [42] . The Q 2 behavior of the form factor Q 2 Fω→πγ * (Q 2 ) compared with experimental data. The dashed-dotted line is the result of fitting NA60 data with the pole dependence [57] and the dashed line is that of fitting Lepton G data [58] . The dotted line is the vector meson dominance (VMD) model prediction. Fig. 6. The Q 2 behavior of the form factor Q 2 F φ→ηγ * (Q 2 ) compared with experimental data [59] . The dashed-dotted line is the result of fitting experimental data with the pole dependence. The dotted line is the VMD model prediction.
